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Abstract
We give an explicit p-adic expansion of
∑∗np
j=1q
j=[j]r as a power series in n which generalizes
the formula of Andrews (Discrete Math. 204 (1999) 15). Indeed, this is a q-analogue result due
to Washington (J. Number Theory 69 (1998) 50), corresponding to the case q=1. c© 2002
Elsevier Science B.V. All rights reserved.
MSC: 11B68; 11S80
Keywords: q-series; p-adic q-L-function; p-adic q-integrals
1. Introduction
Throughout this paper Zp; Qp; C and Cp will, respectively, denote the ring of
p-adic rational integers, the =eld of p-adic rational numbers, the complex number
=eld and the completion of the algebraic closure of Qp. Let vp be the normalized
exponential valuation of Cp with |p|p=p−vp(p) =p−1. When one talks of q-extension,
q is variously considered as an indeterminate, a complex number q∈C, or a p-adic
number q∈Cp.
If q∈C, one normally assumes |q|¡ 1. If q∈Cp, then we assume |q − 1|p¡
p−1=(p−1), so that qx =exp(x log q) for |x|p6 1. We use the notation:
[x] = [x : q] =
1− qx
1− q :
Note that when p is prime [p] is an irreducible polynomial in Q(q). Furthermore, this
means that Q(q)=[p] is a =eld and consequently rational functions r(q)=s(q) are well
de=ned modulo [p] if (r(q); s(q))= 1. Recently Andrews (see [1]) presented q-analogs
of several classical binomial coeAcient congruences due to Babbage, Wolstenholme
and Glaisher. In [1], Andrews has proved the q-analogue of Wolstenholme’ harmonic
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series congruence. Let Lp;q(s; ) be the q-analogue of the p-adic L-function attached
to a character  (see [3]).
In this paper, I give new interesting results on the p-adic (q-L)-functions, a subject
initiated by Neal Koblitz [7], in the beginning of the 1980’s in which the author made
some contributions, [3]. The main result of this paper, formula (37), is actually a
q-analogue of a result of Washington [8], corresponding to the case q=1.
Deeba and Rodriguez (see [2]) have proved the following recurrence:
n(1− nm)Bm=
m−1∑
k=0
nk
(
m
k
)
Bk
n−1∑
j=1
jm−k ; (1)
where Bk is the kth ordinary Bernoulli number. We give a q-analogue of formula (1)
in Section 3.
2. Preliminaries
For n∈N= {1; 2; 3; : : :}, we de=ne the q-Bernoulli numbers, m(qn) as (cf. [3])
m(qn)=
∫
Zp
q−nx[x : qn]m dqn(x); (2)
where qn(x)= qn(x + pNZp)= qnx=[pN : qn], cf. [5].
Note that m= m(q) are not the same as Carlitz’s q-Bernoulli numbers, which are
de=ned by
∗n = 
∗
n (q)=
∫
Zp
[x]n dq(x) (see [3]):
Thus we have, cf. [3]
0(qn)=
qn − 1
n log q
(qn(qn) + 1)k − k(qn)=
{
1 if k =1;
0 if k ¿ 1
with the usual convention about replacing i(qn) by i(qn).
Note that the limq→1k(qn)=Bk .
It is easy to see in [3,5] that
m(qn)=
1
(qn − 1)m
m∑
i=0
(
m
i
)
(−1)m−i i
[i : qn]
:
Note that
m=
1
(q− 1)m
m∑
i=0
(
m
i
)
(−1)m−i i
[i]
: (3)
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The q-Bernoulli numbers m could be easily de=ned by the formulas in (3) as follows:
Gq(t) = et=(1−q)
∞∑
j=0
j
[j]
(−1) j
(
1
1− q
)j tj
j!
=
∞∑
j=0
j
j!
tj for |t|¡ 1: (4)
Thus we see that the q-Bernoulli numbers are the unique solutions of the following
q-diNerence equation in the complex plane:
Gq(t)=
q− 1
log q
et=(1−q) − t
∞∑
n=0
qne[n]t for |t|¡ 1; (5)
where q∈C with |q|¡ 1.
For r ∈N, we de=ne the q-Bernoulli polynomials n(x; qr) as
n(x; qr)=
∫
Zp
q−rt[x + t : qr]n dqr (t) (cf : [3]): (6)
Note that n(x; q) is not the same as Carlitz’s q-Bernoulli polynomials, which are
de=ned by
∗n (x; q)=
∫
Zp
[x + t]n dq(t) (cf : [3]):
It is easy to see that
n(x; qr) = (qrx(qr) + [x : qr])n=
n∑
j=0
(
n
j
)
j(qr)qrjx[x : qr]n−j
=
1
(1− qr)n
n∑
k=0
(
n
k
)
k
[k : qr]
qrkx(−1)k :
Note that
n(x; q) = (qx + [x])n=
n∑
j=0
(
n
j
)
jqjx[x]n−j
=
1
(1− q)n
n∑
k=0
(
n
k
)
k
[k]
qkx(−1)k : (7)
Then (7) can be used to de=ne the polynomials as follows:
∞∑
n=0
n(x; q)
tn
n!
=Gq(x; t)= et=(1−q)
∞∑
j=0
j
[j]
(−1) j
(
1
1− q
)j
qjx
tj
j!
for |t|¡ 1: (8)
By (8), we obtain the following q-diNerence equation in the complex plane:
Gq(x; t)=
q− 1
log q
et=(1−q) − t
∞∑
n=0
qn+xe[n+x]t for |t|¡ 1; (9)
where q∈C with |q|¡ 1.
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It is shown in [3,5] that
[d]k−1
d−1∑
i=0
k
(
x + i
d
; qd
)
= k(x; q); (10)
where d; k are positive integers.
3. On identities of q-Bernoulli numbers and q-analogue of Dirichlet L-series
(in complex)
In this section, we assume q∈C with |q|¡ 1. Now, we prove the q-analogue of (1)
by using (10). If we put x=0 in (10), then we obtain
[n]m=
m∑
k=0
(
m
k
)
k(qn)[n]k
n−1∑
j=0
qjk [j]m−k : (11)
It is easy to see (11) using (7). By (11), we see
[n]m − m(qn)[n]m [mn][m] =
m−1∑
k=0
(
m
k
)
[n]kk(qn)
n−1∑
j=1
qjk [j]m−k : (12)
De=ne the operation ∗ on f(q) as follows:
[n](1− [n]m) ∗ f(q)= [n]f(q)− [n]m [mn]
[m]
f(qn):
Thus (12) can be written using ∗ as
[n](1− [n]m) ∗ m(q)=
m−1∑
k=0
(
m
k
)
[n]kk(qn)
n−1∑
j=1
qjk [j]m−k : (13)
Note that (13) is the q-analogue of (1). It was well known that, for positive integers
s and n,
n−1∑
l=0
ls−1 =
1
s
s−1∑
j=0
(
s
j
)
Bjns−j: (14)
Now, we give the q-analogue of (14) which is used later. It is easy to see that
−
∞∑
l=0
ql+ne[n+l]t +
∞∑
l=0
qle[l]t =
∞∑
m=1
(
m
n−1∑
l=0
ql[l]m−1
)
tm−1
m!
; (15)
where q∈C with |q|¡ 1.
By (4), (8), (15), we obtain the following:
m(n; q)− m=m
n−1∑
l=0
ql[l]m−1:
Hence, we can obtain the q-analogue of (14) as follows:
n−1∑
l=0
ql[l]m−1 =
1
m
m−1∑
l=0
(
m
l
)
qnll[n]m−l +
1
m
(qmn − 1)m: (16)
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DiNerentiating both sides with respect to t and comparing coeAcients in (5), we have
(cf. [4]).
k(x; q)=− (1− q)
1−k
log q
− k
∞∑
n=0
qn+x[n+ x]k−1: (17)
By (17), we de=ne the q-analogue of the Hurwitz zeta function: For s∈C,
q(s; a)=
(1− q)s
(1− s) log q +
∞∑
n=0
qn+a
[n+ a]s
; (18)
where a is a real number with 0¡a6 1, and q∈C with |q|¡ 1.
Note that q(1− k; a)=− k(a; q)=k, where k is any positive integer (see [3,4]).
Let
Jq(s; a; F) =
∑
m ≡ a(mod F)
m¿ 0
qm
[m]s
+
1
F
(1− q)s
(1− s) log q
=
∞∑
n=0
qa+nF
[a+ nF]s
+
1
F
(1− q)s
(1− s) log q
= [F]−sqF
(
s;
a
F
)
; (19)
where a and F are positive integers with 0¡a¡F . Then
Jq(1− n; a; F)=− [F]
n−1n(a=F; qF)
n
; n¿ 1; (20)
and Jq has a simple pole at s=1 with residue (q− 1)=log q 1=F .
Let  be the Dirichlet character with conductor F . Then we de=ne the q-analogue
of the Dirichlet L-series as follows: For s∈C,
Lq(s; )=
F∑
a=1
(a)Jq(s; a; F):
The functions Jq(s; a; F) will be called the q-analogue of the partial zeta functions.
Now, we de=ne the generalized q-Bernoulli numbers with  as follows:
k; = k;(q)= [F]k−1
F∑
a=1
(a)k
( a
F
: qF
)
:
Note that
Lq(1− k; )=− k;k for k¿ 1:
Remark. The numbers k; are not the same as the generalized Carlitz’s q-Bernoulli
numbers with  which are de=ned in [3].
The values of Lq(s; ) at negative integers are algebraic, hence may be regarded as
lying in an extension of Qp. We therefore look for a p-adic function which agrees
with Lq(s; ) at the negative integers in Section 4.
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4. p-Adic q-L-functions
Let p be an odd prime and let Lp;q(s; ) be the q-analogue of the p-adic L-function
attached to a character  (see [3]). We de=ne 〈x〉= 〈x : q〉= [x]=!(x), where !(x) is the
TeichmPuller character. When F is a multiple of p and (a; p)= 1, we de=ne a p-adic
analogue of (19) as
Jp;q(s; a; F)=
1
s− 1
1
[F]
〈a〉1−s
∞∑
j=0
(
1− s
j
)
qja
(
[F]
[a]
)j
j(qF) (21)
for s∈Zp. It is easy to see in (7), (20), (21) that
Jp;q(1− n; a; F) =−1n
1
[F]
〈a〉n
n∑
j=0
(
n
j
)
j(qF)qja
(
[F]
[a]
)j
=−1
n
[F]n−1!−n(a)
n∑
j=0
(
n
j
)
j(qF)qF( ja=F)[a : qF ]n−j
=−1
n
[F]n−1!−n(a)n
( a
F
; qF
)
=!−n(a)Jq(1− n; a; F); (22)
for all positive integers n and it has a simple pole at s=1 with residue (q−1)=log q 1=F .
It is easy to see from [3], (21), (20) that
Lp;q(s; )=
F∑
a=1
p-a
(a)Jp;q(s; a; F): (23)
For f∈N, let  be the Dirichlet character with conductor f. The generalized q-Bernoulli
numbers with character , which were de=ned in Section 3, is associated with a p-adic
q-integral as follows:
k;(q)=
∫
Zp
(x)q−x[x]k dq(x) (cf : [3]); (24)
where k is a positive integer.
We see in (24) that
k;(q)= [f]k−1
f−1∑
a=0
(a)k
(
a
f
; qf
)
: (25)
By (22), (23), (25), if n¿ 1 then we have
Lp;q(1− n; ) =
F∑
a=1
p-a
(a)Jp;q(1− n; a; F)
=−1
n
(n;!−n(q)− [p]n−1!−n(p)n;!−n(qp)): (26)
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In fact, we have the formula
Lp;q(s; )=
1
[F]
1
s− 1
F∑
a=1
p-a
(a)〈a〉1−s
∞∑
j=0
(
1− s
j
)
j(qF)qja
(
[F]
[a]
)j
; (27)
for s∈Zp.
This is a p-adic analytic function (except possibly at s=1) and has the following
properties for =!t :
Lp;q(1− k; !t)=− 1k (k(q)− [p]
k−1k(qp)); (28)
where 16 k ≡ t (modp− 1),
Lp;q(s; !t)∈Zp for all s∈Zp when t 
≡ 0 (modp− 1): (29)
If t 
≡ 0 (modp− 1), then
Lp;q(s1; !t) ≡ Lp;q(s2; !t) (modp) for all s1; s2 ∈Zp: (30)
Lp;q(s; 1) has a simple pole at s=1 with residue (p− 1)=[p](qF − 1)=log qF ,
Lp;q(k; !t) ≡ Lp;q(k + p;!t) (modp): (31)
The proofs of (28)–(31) can be found in [3]. It is easy to see that
1
r + k − 1
(−r
k
)(
1− r − k
j
)
=
−1
j + k
( −r
k + j − 1
)(
k + j
j
)
(32)
for all positive integers r; j; k with j; k¿ 0; j + k ¿ 0, and r 
=1− k.
Let
B(n)p;q(s; a; F)=
∞∑
l=1
1
l [a]
−sqla[Fln]
( −r
l− 1
)(
[F]
[a]
)l−1
l(qF);
J (n)p;q(s; a; F)=
1
s− 1
1
[F]
〈a〉1−s
∞∑
j=0
(
1− s
j
)
[nFj]j(qF)qja
(
[F]
[a]
)j
(33)
for all s∈Zp.
By (16), (21), (22), (32), (33), we can obtain the following, for r¿ 1:
∞∑
k=1
(−r
k
)
!1−r−k(a)[Fn]kqakJp;q(r + k; a; F)
+(q− 1)
{ ∞∑
k=1
(−r
k
)
!1−r−k(a)[Fn]kqakJ (n)p;q(r + k; a; F) + B
(n)
p;q(r; a; F)
}
=−
n−1∑
l=0
qFl+a
[a+ Fl]r
: (34)
For F =p; r ∈N, we see that
p−1∑
a=1
n−1∑
l=0
qa+lp
[a+ pl]r
=
np
∗∑
j=1
qj
[j]r
; (35)
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where ∗ means to take sum over the rational integers prime to p in the given range.
We set
Tp;q(r + k; !1−k−r)=
p−1∑
a=1
!1−k−r(a){[ak]Jp;q(r + k; a; p) + qakJ (n)p;q(r + k; a; p)}
(36)
for all r¿ 1; n¿ 1. By (23), (27), (34),(35), (36), we obtain the following:
Theorem. Let p be an odd prime and let n¿ 1; and r¿ 1 be integers. Then
np
∗∑
j=1
qj
[j]r
=−
∞∑
k=1
(−r
k
)
[pn]kLp;q(r + k; !1−k−r)
−(q− 1)
{ ∞∑
k=1
(−r
k
)
[pn]kTp;q(r + k; !1−k−r)
+
p−1∑
a=1
B(n)p;q(r; a; F)
}
: (37)
Note, this result at q=1 is explicitly given in [8] by more or less the same method.
Remark. (1) For r= n=1 in (37), we can obtain the following congruence:
p−1∑
j=1
qj
[j]
≡ (p− 1)
2
(q− 1) (mod [p]): (38)
Formula (38) is the result of Andrews (see [1]).
(2) For q=1 in (37), we have the following formula:
np
∗∑
j=1
1
jr
=−
∞∑
k=1
(−r
k
)
(pn)kLp(r + k; !1−k−r) (see [8]); (39)
where Lp(s; !t) is the p-adic L-function.
The result of Washington from [8] was apparently proved by Barsky. See the Math.
Review of [8].
In the case of r=1, (39) is related to the formula of Wolstenholme (see [1]).
5. Uncited reference
[6]
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